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AN EXTENSION THEOREM FOR PERIODIC
TRANSFORMATIONS OF SURFACES. I

BY
OLADELE FAJUYIGBE

ABSTRACT

For a given simplicial periodic transformation T of the compact orientable
surface S, subject to certain constraints on T, a simplicial embedding of § in the
3-dimensional sphere S? is defined and an orthogonal periodic transformation ¢
of S such that ¢/f(S) is equivalent to T is also defined.

1. Introduction

Let C? be the 2-dimensional complex space. The 3-dimensional sphere S° will
be taken as the subset of C* defined as

SJ: {(217 ZZ)E Czlzlfl-{- 2222= 1}‘

Let the transformation 1: $*— S° be defined by
t(Z;, Zz) = (W]Z], szz)', w, = €xp (2% idk), k= 1,2

d. an integer coprime with n. The number d, can be 0. The triangulation of §°
will be as defined in [4].

Furthermore, if § is a compact orientable surface and T: S — S a simplicial
periodic transformation of period n, then T defines in an obvious manner a
group action G(T) on S. (We may sometimes write G(T) simply as G.)

1.1. DEFINITION.
F(T)={x € S|Tx = x}.

This is the fixed point set of G(T).
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1.2. DEFINITION.
M(T)={x ESIBm, 1=m < n with T™x = x}.

The set M(T) we shall choose to call the restricted point set of G(T).

From Definitions 1.1 and 1.2 it follows that F(T)C M(T). G(T) acts freely on
Sit M(T)=0.

1.3. DeFINITION (isotropy or stability subgroup). For x € §, the set
G.={gE€G|lgx=x}
is known as the isotropy or stability group of x.

1.4. DerINITION. A subgroup H CG will be called an isotropy subgroup if
there is an x € S such that G, = H or is conjugate to H.

The problem we wish to examine can be stated as follows: given T: S — S as
above, could we find an embedding of S in S° together with the transformation
t: $%— S such that t is an extension of T?

To this we have an answer in the affirmative if T is orientation preserving such
that there are at most two isotropy subgroups of G(T) and the orbit of each
isotropy subgroup contains even number of elements.

In this paper we shall consider the cases when there is at most one isotropy
subgroup. The other cases will be treated in a later paper. Thus, in this paper we
shall prove Theorem 3.1 below.

2. The classification theorem for periodic transformations of surfaces

2.1. DeFIniTION. Let X and Y be homeomorphic topological spaces and
fi: X —Y,i=1,2, continuous mappings, then f, and f, are said to be equivalent
if there exists a homeomorphism g : X — Y such that f,= gfig™".

2.2. LemMmA. Let S be an orientable surface, and T:S — S an orientation
preserving periodic transformation with M(T) finite, then for each x € M(T), there
is an integer m, 1=m <n and a neighbourhood D of x such that T™ |D is
equivalent to the rotation

zZ b exp (2 i—r id) 2, Am =n, A and d coprime.
This lemma is proved by Nielsen in [3].

If [1: S — S/G, y » [y] is the projection mapping, then m is the number of
elements in IT7'(y).
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([y] denotes the orbit of y.)
The pair (m, d) may be referred to as the Valency of [y] or y.
The following then is the classification theorem as established by Nielsen [3].

2.3. THEOREM. Two periodic transformations T, and T, of the surface S are
equivalent if and only if they are of the same period n, the sets M(T,)/G(T,) and
M(T2)/G(T,) have equal number of elements and their associated valencies are
the same.

Thus if p is the genus of S and g the genus of S/G(T), we have associated
with each transformation T the set of numbers {n,p,g,m,m,,
co My dy, day o, di ). I G(T) is free then m; =0, j=1,2,---.

The parameters n,p, g, m,,-- -, My, di, ds, - - -, di satisfy the following equa-
tions:
k
1) 2p+> m—2=ng+k—2).

j=1
This is the Hurwitz equation.

) di+d,+--+d.=0modn.

3. The Extension Theorem

3.1. THEoREM. Let S be a compact orientable surface of genus p and
T:S—S be an orientation preserving PL periodic transformation with
characteristic parameters

n, py g, my, My, ° mZBv dl, d27 T d2B-

IfG(T)isfreeorm;=mandd, = *d,j=1,2,---,2p, then T has an orthogonal
extension to the 3-dimensional sphere.

Proor. All that is needed is the construction of the embedding of S in S* and
the extension ¢:$*— §° of T.

We divide the construction into three different cases:

(i) G(T) free,

(i) m=1,ie F(T)=M(T)#3,

(iii) 1<m <n, ie. M(T)# D but F(T)=.

Case (i). G(T) free. From the Hurwitz condition we have p = n(g — 1) + 1.

We define ¢: $>— S° by

1{z,, 22} = (W2, wz,), W =exp (Z:—!>
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The action G(T) defined by T on S’ is free. Let the orbit space $°/G(t) = L.
The fundamental group II(L,X)is Z,, €L, n>1.

A t-invariant imbedding of S in S*

Let w be a non-null homotopic simple closed curve in L. w lifts onto a simple
closed curve ¢ in S* such that

cNc=, 1<j<n-1
and
cNtic ={point}, j=1or n—-1.

Let y be the simple closed curve
y=U tec
i=1

We denote t’c by ¢, 0=j = n — 1, ¢o = ¢, and the initial and end points of ¢; by
x; and x;,, respectively.

Since $*and L are triangulated y may be so chosen such that it belongs to the
1-dimensional skeleton K of the triangulation K or S°.

We shall define a ¢-invariant toral tubular neighbourhood V of y. By adding
handles to, or removing blocks from V, we shall obtain a ¢-variant handle body
W (Griffiths [1] and [2]) such that the boundary of W is an embedding of S.

Le H,be a tubular neighbourhood of ¢, and H; = t'Ho, 0 = j = n — 1 such that

HNH = if j#k or k+1 or k-1,
H,NH;,,=D;,,, a disc.
We define V = UIZ H,. Let
E?={(x,x)) ER?|x3+x3=1} and I={x€R|0=x=1}=[0,1].

H, is homeomorphic to E*x I. We take the image of ¢; under this homeomor-
phism to be {0} x I. Let h: H,— E*x I be the homeomorphism referred to
above.

H, is now divided into two parts, He and H,,, with

h(Hw)= E*x[0,1/2] and h(Ha)= E*x[1/2,1].

From Hy we remove 3-dimensional subsets Noand B;,0 =1 = g — 1 as follows
(see Fig. 1).
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B, By
B, \‘H :
: L —Hoo
' 1
! i
: ! No
..... EHHE
] Hoy

If we define E>={(p, 8)E R*|0=p =1, 0= 6 =2}, then
No={(p,0)E E*|0=p=1/2}x L,p, L,=1[0,1/2] and

B, = {(p,O)E Ezl1/2§p§1,2?7rl§0 éZTrQli;—l)}X L.

The set CI(V — N, B,) is a handle body of genus g (C1X denotes the
closure of the set X).
We now define

n-1 g1
W=C1(V—— U t’(No U Bx)) ;
i=0 1=0
W is the required handle body with genus p where
€) p=n(g-nH+1

(see Fig. 2). Then if 8W denotes the boundary of W, 8W is homeomorphic with
S and ¢ | dW is equivalent with T — since the equivalence class of T is uniquely
determined by Eq. (3) above.

Case (ii). m =1, i.e. F(T)= M(T)# . We define t: S°— S* by
t(z1, 22) = (Wz,, 2,)

where w = exp(2mid/n) without loss of generality; we may assume d = 1. By the
Hurwitz condition we have
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Fig. 2. n=2,g=3 and p =5.

4) p=(n-1D@E+B-Dtg

The fixed point set F(t) = {(0, z,) € $°}. This is homeomorphic with the unit
circle S*.

Let V be a t-invariant toral tubular neighbourhood of F(t). We shall now
construct from V a t-invariant handle body of genus p.

V=8'xE® Now let I, ={z € S‘Ix =argz =7} and Vo=1I,x E%. We
divide V, into 2(g+B8 - 1)+1 equal parts H, 0=j=2(g+ B —1), where
H; = I, x E? and I; is the closed interval

I = [ i 7(j+1) ]
o l2(g+B-D+1°2(g+B—-1)+1

From each H,;., we remove subsets N,;., of the type N, in case (i} and subsets
B, ;.1 of the type B, in case (i), where

Ny ={(p,0)€ E*|0=p =1/2} X L.,

Biaor= {(,;,o)eE’ll/zgp =1, 25 <2n 2L }xlz,ﬂ.

IIA

2n

Furthermore, choose g of the H,, (0 =k =(B + g — 1)) and remove from each
H,, the core N, where N, ={(p,0)€ EZIO Ep=12}x L.

Let Ni=U%872N,.,, Ni=U$LN, and B = U (U By, then
the subset W = C1(V,—[N1U B U No]) of S is a handle body with p handles
where p=(n—-1)(g+B—1)+g If S =9W then tS=S and S is ¢-invariant.
This is the required embedding of S in S* (Fig. 3).
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Fig. 3. p=7,n=4,g=1,=2and m=1.

Case (iii). 1<m <n, ie. M(T)#J but F(T)=. From the Hurwitz
condition we have

) ptmB-1=n(g+p-1).
Again we take d = = 1. We define ¢: $*— S by
t(zy, 22) = (w124, Wa2,),

wi=exp(2mi/m) and w,=exp(2wi/n). Then F(t)=, M(@¢)=F(")=
{(z,,0)€ S’} = S' and the tubular neighbourhood V exists with the required
properties. Hence let V CS? be a t-invariant toral tubular neighbourhood of
F(@™).

V = S§'x E*. We now modify V as follows: from condition (5) we have

6) p-1=n(g—-1)+mB(r—1), where Am =n.

We cut V into 2mf parts such that
2mpg
V= U III" tkI{ie{HO’Hh“',HZMB}’
j=0

k=012,---,n-1, i=0,1,---2mp,

1 2 _ 27 27T'+1]
H=ixE%  §=|fo 20D

We delete from V the subset
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Fig. 4 p=13,n=4,m=2,8=2and g =3.

mpg—1

'L% HZj’ tkHZj e {HO, HZ’ T HZmB}v
j=

and as in cases (i) and (ii) we attach A — 1 handles to connect Ho;,; with Hy;.s,
1=j=mpB —1. So far we have attached mB(A — 1) handles to C}(V — U H;;).
(In effect we connect H,;.,, with Hy;.; with A solid cylinders, D, 0=1=A - 1.)

Let the A solid cylinders connecting Hs.s-; and H; be Do, 0=1=A -1,
where

If on Dy, we remove g — 1 blocks B, such that Cl(Dg— \U${Z3 B, ) is a connected
handle body with g — 1 handles, then we would have completed the construction
by allowing ¢ to remove from t'Dy the blocks ¢'(U,B.), 0=i=n-1,
O=k=g-2
We define B, C Dy as follows:
27

2 4

I = [ 20 2k 27 2k +1

= {2mB (g — 1)’ 2mB 2(g - 1)
Let B= U ¢/(Us2B), H= UM "H, and D = U5 (UL D).
We now define the handle body W as

], O=sk=g-2.

W = CI((V - H)U (D - B)).
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By construction W is a handle body with p handles where
) p=n(g-D+mpA-1+1

(the extra handle is for closing up C1(V — H)). Then again by Nielsen’s theorem
S is homeomorphic to W and ¢ l dW is equivalent to T (Fig. 4). This completes
the proof of our Theorem 3.1.
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